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A method is presented to detect changes in stiffness and mass parameters of a structure using strain data in the
frequency domain. Sensitivity of the strain-based frequency response function is characterized as a function of the
changes in stiffness, mass, and damping at the element level. The transfer function of a damaged structure is
approximated using the measured natural frequencies of the damaged structure and the analytical mode shapes of
the intact structure. These approximations result in a set of quasi-linear sensitivity equations. A sensitivity-based
algorithm is proposed for finite element model updating. These sensitivities are used to select the measured frequency
points for model updating and to investigate the weighting of sensitivity equations. The proposed method was
successfully applied to a plane truss and a plane frame structure using numerically simulated, error-contaminated

strain data.

Nomenclatures

Ag, Ay = stiffness and mass connectivity matrices

As,, Ay, = nonzero eigenvalues of element stiffness and
mass matrices

B; = strain-displacement mapping matrix

C = structural damping matrix

d = subscript refers to damage state

H(w) = transfer function matrix

1 = index

K = structural stiffness matrix

L, = length of the ith element

M = structural mass matrix

m = number of the measured natural frequencies

n = number of degrees of freedom

ne = number of elements

P(w) = vector of applied loads in frequency domain

p(1) = vectors of applied loads

Pg, Py, = structural stiffness and mass parameters matrices

Ps,, Py, = nonzero eigenvector of element stiffness and mass
matrices

Sy(w, &) = mass parameters sensitivity matrix

Sg(w, &) = stiffness parameters sensitivity matrix

T; = transfer function matrix

U(w) = vector of displacement in frequency domain

u(t) = vectors of displacement

u, = nodal displacement

u, = nodal displacements (local coordinates)

X = distance from the first node of element

z = distance from the neutral axis

8() = change of a variation

& = strain of the ith element

¢ = ith damping loss factor
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& = local coordinate parameter
o; = ith mode shape

Q; = ith natural frequency

w = excitation frequency

I

OST civil infrastructure, such as bridges, are in service under

conditions of overestimated design loads. Many infrastructure
elements have aged and deteriorated during the past few decades
and are in dire need of repairs, retrofits, and possible replacements.
For decision-making purposes, accurate and reliable estimations of
stress distribution and deformations are needed. One way to
approach this need is by using a finite element model that is calibrated
with static and dynamic measurements from nondestructive tests.
Such calibrated models can capture the system behavior subject to
realistic loads. These precautions are paramount to guarantee robust
performance of the structures, avoid further economic losses, and
provide higher levels of safety.

The static and dynamic characteristics of structures, including
static displacements, tilts, strains, and curvatures as well as mode
shapes, natural frequencies, frequency response functions (FRFs),
mode shape curvatures, modal flexibility, modal strains, and modal
strain energy, are used in finite element model updating to detect,
locate, and quantify structural damage [1,2].

Pandey et al. [3] and Ratcliffe [4] use modal curvature data for
damage identification and state that axial and/or flexural strains
(curvature) are more sensitive to localized damage within the
structures, as compared with displacements. Also, strain gages are
usually less expensive than accelerometers and can be embedded
inside structural elements such as concrete dams or concrete bridge
decks to measure the response of inaccessible parts of structures.
However, careful attention to strain gage installation is necessary to
avoid adverse effects of local stress and concrete cracking. Preparing
instrumentation setup for full-scale structures using strain gages is
easier than using static displacement transducers because strain
gages are reference independent.

Axial or flexural strain data can be used either in the static or
dynamic state. Sanayei and Saletnik [5] developed a sensitivity-
based method of parameter estimation using a subset of the static
strain data. Residuals of predicted and measured strains were
minimized with respect to element stiffness parameters. The
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proposed method was verified using experimental data from a two-
story frame using static strains and displacements [6]. Liu [7] used
static strain measurements to identify the stiftness of a frame. Liu and
Chian [8] developed a method for identifying the element properties
of a truss using axial strains by minimizing the error norm of the
equilibrium equation. They studied identifiability of structures using
the inverse problem in the presence of measurement errors. Shenton
and Xiaofeng [9] proposed a static strain-based method for damage
identification in civil structures based on the idea that dead load is
redistributed when damage occurs in the structure. The inverse
problem is defined by a constrained optimization problem and is
solved using a genetic algorithm. Results show that damage is
difficult to identify when it is close to the inflection point of an
undamaged beam, where the dead load strain is zero.

Pandey et al. [3] and Ratcliffe [4] state that strain (axial or flexural)
is more sensitive to observing changes in unknown parameters for
damage identification in comparison to using displacement mea-
surements. For static loading, this statement only holds for indeter-
minate structures and does not apply to determinate structures. For
determinate structures, strains are a function of the internal moments
and forces, which are independent of material and section properties.
As aresult, strain measurements cannot observe changes of elements
stiffness in determinate structures. For indeterminate structures,
changes in static displacements and strains are a function of the
system stiffness, since changes in the stiffness of one element
redistribute stresses in all elements. This phenomenon increases the
chance of observing structural damage due to indeterminacy.

Static methods can identify only stiffness parameters and are not
able to capture any changes in mass and damping parameters, while
dynamic methods can identify changes in all structural parameters.
Hence, some researchers are interested in updating structural models
using dynamic methods via natural frequencies, mode shapes, mode
shapes curvatures, and FRF data. Pandey et al. [3] showed how
damage causes change in the curvature of the mode shape, which
can be used to detect the location of cracks by comparing the
curvature of the mode shapes of damaged and undamaged struc-
tures. Mode-shape curvatures were extracted from displacement
mode shapes. The curvature mode shape information was used by
Pabst and Hagedorn [10] in combination with changes in measured
frequencies. Salawu and Williams [11] compared the performance of
both the curvature and the displacement mode shapes for locating
damage. They point out that the most important factor is the selection
of mode shapes for analysis. Stubbs and Kim [12] used curvature
modes as a damage index. Wahab and Roeck [13] employed a mode
curvature damage factor for modal updating, and Shi et al. [14]
introduced the ratio of change in modal strain energy in each element
as another damage indicator. Lestari and Qiao [15] proposed an
approach using the curvature mode shapes to detect debonding and
core crushing in composite honeycomb sandwich beams, and both
the location and the extent of damage were evaluated.

One of the challenges in finite element model updating is the
number of measured data points compared with the number of
unknown structural parameters. The number of measured data
points adopted can restrict the capability and stability of parameter
estimation methods. Damage detection using measured FRF is an
alternative to dealing with limited data and has been studied by a
number of researchers [16-18]. Using direct FRF measurements
has several advantages. FRF-based parameter estimation methods
can provide an abundance of information at a large number of
frequencies, using measured data at selected degrees of freedom
(DOFs) and desired frequency ranges, as opposed to modal data,
which are extracted from a very limited number of the FRF data only
at resonance frequencies. Additionally, FRF data can be extracted
without further numerical processing and hence will not be con-
taminated by modal extraction errors and loss of information due to
curve fitting. FRF data measured near resonances are less accurate
when compared with data measured away from resonances. As a
result, mode shapes extracted from FRFs can contain large errors.
Because of the inaccuracies in extracted mode shapes and limited
data points at resonances, it is more reliable and practical to directly
use measured FRF data for finite element model updating.

Keilers and Chang [19] used frequency domain data and the mode
shape curvature for parameter estimation. They investigated the use
of piezoelectric sensors built into laminated composite structures to
detect delamination and estimate its location and size. Sampaio et al.
[20] and Schulz et al. [21] used FRF information. These FRF-based
curvature methods performed well in detecting and locating the
damage, especially for large magnitudes of damage. Colin and
Ratcliffe [22] used measured FRFs to obtain displacement as a
function of frequency and convert it to curvature functions, which
was further processed to yield a damage index. Results showed the
proposed method is highly sensitive to damage, and can locate and
quantify even a small change.

Although the number of data points can be larger than the number
of unknowns, for both static and dynamic response algorithms the
number of transducers is far less than the number of DOFs in the
finite element model. Hence, it is essential that the stiffness and mass
matrices be reduced or the measured response data be expanded to
estimate required data at unmeasured locations [23-25]. Sazonov
and Klinkhachorn [26] discussed the application of a model-based
approach to locating damage with all deflection data. These data
should be expanded from the measured deflection response using
curvature and strain mode shapes. A cantilever steel beam damaged
in one location and a cantilever beam with damage in multiple
locations were tested, and the effectiveness of the proposed method
was verified by a comparison with the experimental results.

In this paper, a finite element model updating technique is
presented using strain data in the frequency domain. Strain-based
FRFs are used to correlate changes of axial or flexural strain to
changes of stiffness, mass, and damping of structures. To remove
the drawback of incomplete measurements in derivation of the
sensitivity equation, the transfer function of the damaged structure is
approximated using the measured natural frequencies and modal
damping loss factors of the damaged structure. Quasi-linear
sensitivity equations are solved for finite element model updating by
the least square method (LS) in a few iterations. The effects of
weighting methods for improving accuracy of parameter estimates
are studied. Additionally, a sensitivity-based criterion is used for
the selection of frequency ranges for robust optimization. Noise-
contaminated FRF data of a truss and a frame model are used to verify
the proposed method. These examples show successful structural
parameter estimation for damage assessment.

II. Strain-Based Transfer Functions
for Parameter Estimation

A similar derivation of strain-displacement relations by Sanayei
and Saletnik [5] is used in this research using dynamic strain data.
A two-dimensional frame element representing axial and bending
deformations is shown in Fig. 1. The relationship between nodal
displacements u; and element strains ¢; is defined as
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Fig. 1 A one dimensional element in a two-dimensional space (truss or
beam element).
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& = B,ii; (I

Where if; is represented in the local coordinates (X, Y). The strain-
displacement mapping matrix is defined as B; for axial and bending
deformations. For an axial element, B; is defined as

1
Bi=—[-1 0 1 O 2
=7l ] @
L, is the length of the ith element. For a beam-column element

—1  —6zf  —z(66-2) 1  +6zF —z(66+2)
Bi=|:f e 2L; L LT 2L; :| 3)

7z is the distance from the neutral axis of the beam cross-section, & is
the local coordinate parameters as

§=2x/L;—1 “)

and x is the distance from the first node in the local coordinates. By
assembling Eq. (4) for all ne elements and in the global coordinates,
the strain-displacement relation for whole structural elements will be
expressed as

ne

e®) =Y B/(OTit, = B®u ©)
i=1

T; is the transformation matrix that maps nodal displacement from
the global coordinates to the local coordinates. The vector of the
measured nodal displacements, u;, in the global coordinate system
should be extracted from the vector of the displacements for static
loads or dynamic excitation.

The dynamic equation of motion for an n DOF structure in the
global coordinate system is

Mii(r) + Ci(r) + Ku(t) = p(?) 6)

where M, C, and K are n x n matrices of mass, damping, and
stiffness, respectively, and p(¢) and u(r) are n x 1 vectors of applied
loads and displacements, respectively. Also, dot superscripts indicate
derivations with respect to time. Applied load and displacement
response can be represented as

p(1) = P(w)el* (Ta)

u(t) = U(w)e/™ (7b)
Substituting Egs. (7a) and (7b) in Eq. (6) yields
(—*M + joC + K)U(w) = P(w) ®)
Defining transfer function matrix H(w) as
H(w) = (—’M + joC + K)™! )
Equation (8) is rewritten as
U(w) = H(w)P(w) (10)
In a damaged state, Eq. (10) can be expressed as
Uy(@) = U(w) + 8U(w) = Hy(w)P(w) amn
where
Hy(®) = [(—?*(M + M) + jo(C + 8C) + (K + $K)[7'  (12)
Expanding Eq. (11) and subtracting Eq. (10) from it yields
SU(w) = Hy(w)(—*SM + jwSC + §K)U(w) (13)

InEq. (13), 6U(w) of size (n x 1) represents the residual between the
analytical and measured FRFs at each measured DOF. It is a linear
function of §M, §C, and §K. System displacement spectrum U(w)
of size (n x 1) is calculated analytically for the structural system.

By substituting Eq. (13) in Eq. (§), strain-based damage-induced
changes in the frequency domain are evaluated as

Se(w, &) = Hoy(w, §) (—w*8M + jwSC + §K)U(w) (14)
where strain-based transfer function is
Hy(w,8) = B(§)H,(w) 1s)

In Eq. (14), ée(w, &) of size (ne x 1) represents the residual between
the analytical and measured strain spectrums at each strain gage.
This formulation can accommodate several strain measurements
per element at any depth of the member, if desired. Using directly
measured H,,(w, &) or computing it by using measured H,(w, §),
Eq. (14) represents exact linear sensitivity of the structural response
with respect to the change of structural parameters. Using Eq. (14),
one is able to estimate change in structural parameters without any
iterative process. It is impossible to use such a sensitivity equation
in real applications, due to lack of a complete set of data. For large
existing structures, instrumentation at all DOFs is costly, and internal
DOFs are not accessible.

In this study an accurate approximation of H,(w, £) is proposed to
deal with the impossibility of its measurement. The transfer function
matrix in Eq. (12) can be expressed using the modal coordinate
decomposition H(w) as

) =3
— Q2 — ? +2j¢;Q0

(16)

¢;, Q2; and ¢; are the ith mode shapes, natural frequency, and damping
loss factor of the intact structure, respectively. Also, one can use a
truncated form of Eq. (16) to compute transfer function in the
decomposed form using mode shapes and natural frequencies. It is
desirable to keep the benefits of using a linear set of sensitivity
equations ensuring robustness and fast convergence. For this
purpose, the transfer function is evaluated in the decomposed form
using analytical mode shapes of the intact structure and incomplete
measured natural frequencies and damping loss factors of the
damaged structure. The proposed evaluation of H,(®) is shown as

y 99! : 007
H;(w) =
/@) ; Qp— @ +2j5yQuw A Q- o +2j5Q0
a7

where m is the number of the measured natural frequencies and €2,
and ¢;,; are the ith measured natural frequency and damping loss
factor of the damaged structure, respectively. The second part in
Eq. (17) is added to increase its accuracy by reducing the effects
of the incomplete measurements in the decomposed form of the
transfer function. This second part of Eq. (17) corrects itself as the
optimization process updates the parameters of the structure.

It is necessary to emphasize that as an alternative to dealing with
incomplete measurements, unmeasured DOFs can be condensed out
from finite element models [23-25]. Condensing out will convert the
linear sensitivity Eq. (14) to an algebraically nonlinear set of
equations. The solution of a nonlinear set of equations by an iterative
method is numerically not as stable as that of a linear set of equations.
There is also no major difference between deriving the sensitivity
equation by a condensation method and doing so by differentiating
the transfer function of the structure with respect to the unknown
stiffness and mass parameters. To remove the drawback of
incomplete measurements, one can use a data expansion method
such as techniques used in the mode shape-based methods. It is
evident that although the sensitivity equation will remain linear, data
expansion will introduce more errors in data and results in less
accurate parameter estimates.

The stiffness and mass matrices of axial or bending elements can
be described as follows [27]:

K, = Ag Pg AL (18a)
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Fig. 2 Bowstring truss structure.

M, = Ay, Py.AL, (18b)

where Ag, and A,,, contain corresponding eigenvectors of nonzero
eigenvalue of the stiffness and mass matrices of each element, Pg,
and P,,, contain nonzero eigenvalue of stiffness and mass matrices as
their diagonal entries. The stiffness and mass matrices of the structure
are constructed by assembling the elemental stiffness and mass
matrices as

ne

K= E TiTASeiPSeiAgeiTi = AsPsAg (19a)
i=1
— - T T _ T
M= E T AsgeiPyeiAueiTi = AuPuAy (19b)

i=1

The number of elements of the structural system is ne. Matrices Ag
and A,, are defined as the stiffness and mass connectivity matrices,
and the diagonal matrices of Py and P, has the elemental stiffness
and mass parameters as their diagonal entries. Examples of the
stiffness-related parameters are axial and flexural rigidities, and
examples of mass parameters are mass per unit length. The number of
parameters is dependent on the number of elements and their types.

Since the global stiffness matrix is a linear function of elemental
stiffness and mass parameters and A, and A,, are independent of P,
and P, Eq. (19) can be perturbed to get

K + 8K = Ag(Pg + §P)A! (20a)

M + 8M = Ay (Py + 8Py) AT (20b)

where §Pg and §P,, are the changes of elemental stiffness and mass
parameters caused by damage. Expanding Eq. (20) and subtracting
Eq. (19) from it yields a parameterized form of the perturbed global
stiffness and mass matrices as

5K = ASPAT (21a)

SM = A, 8Py AL, (21b)

Substituting Eq. (21) in Eq. (14), change of the element’s strain can
be correlated to the changes in stiffness and mass parameters as

8e(w, §) = Ss(@, §)8Ps + Sy(w, £)5Py (22)
Ss(w, &) = H,y(w,§)Asdiag(AsX (w)) (23)

and
Su(@,§) = —w’H,q(w, Ay diag(Ay X (w)) (24)

8P and §P,, are vectors of changes in stiffness and mass parameters,
respectively, and function diag represents entries of a vector as a
diagonal matrix. To estimate changes in stiffness and mass prop-
erties, sensitivity Eq. (22) can be solved by several methods such as
the LS, nonnegative least square method, or singular value decom-
position method. For a reliable and high-confidence solution, several
factors should be addressed, including the sensor types and locations,

excitation types and locations, quality of measured FRF data
(measurement error), accuracy of the mathematical model (modeling
error), observability of the unknown parameters, sensitivity equation
weighting, and numerical methods used to solve the equations set. In
solving Eq. (22) for the unknown parameters, a balanced attention to
the above factors is expected to result in an error-tolerant and robust
parameter estimation system for finite element model updating.

Several methods have been suggested in the literature for
weighting the system of equations. Each equation can be normalized
by its second norm so all equations have the same weight in parameter
estimation. Equations with smaller sensitivities to the unknown
parameters should be removed prior to normalization [28], since
these equations have low observability of the unknown parameters
and can cause ill-conditioning. In Eq. (22), if the ith equation
associated with frequency w has elements ¢(&, w) and g,(§, @) of
similar magnitudes, the adverse effects of measurement errors may
be significantly magnified after the weighting. To overcome this
problem, such an equation should be removed [28]. Statistical
methods are also available for weighting sensitivity equations based
on the accuracy of measurements. In this research, each row of the
sensitivity matrix is normalized by its norm to have arobust parameter
estimation system. Also, equations with small sensitivity are avoided
by the appropriate selection of the excitation frequencies.

III. Truss Example

A two-dimensional truss, as shown in Fig. 2, is used to investigate
robustness of the proposed finite element model updating method.
The unknown parameters used for model updating are axial rigidity
of elements EA, which is the cross-sectional area of elements
multiplied by Young’s modulus. Cross-sectional areas of truss
members are given in Table 1.

For the bowstring truss with 21 DOFs in Fig. 2, the FRF data
can be extracted from an experimental nondestructive test. Here,
representative FRFs were simulated using the finite element method.
A single harmonic load is applied at the DOFs number 4, 13, and 19
as three independent load cases. Elements number 8, 11, 13, 14, 15
and 23 are selected for measuring strains since these are pure axial
elements and strains are constant along each member.

IV. Challenges and Solutions in Using Frequency
Response Function Data for Parameter Estimation

In finite element model updating using experimental data, there are
unavoidable errors due to the presence of modeling errors and
measurement errors. Modeling errors are beyond the scope of this
research. Although it might be impossible to capture various types of
measurement errors using numerical simulations, measurement

Table 1 Cross-sectional area
of truss members

Member Area, cm?
1-6 18
T7-12 15
13-17 10
18-25 12
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errors are simulated by adding a series of random values to the
theoretically calculated responses. In this study, a 10-percent
uniformly distributed random noise is proportionally added to the
calculated strains of the FE model.

FRFs of the bowstring truss will be used for parameter estimation
using Eq. (22). As a part of this estimation, measured natural
frequencies are used in the calculation of transfer functions Eq. (17).
Some researchers assume that the natural frequencies of lightly
damped structures can be measured nearly noise-free or at least
with a high level of confidence using available precise, low-noise
accelerometers and data acquisition systems [29]. Numerical
simulation by the authors shows that adding 0.5-percent normally
distributed random noise to the measured natural frequencies does
not significantly impact the estimated parameters if the excitation
frequency is not in the vicinity of the nearest measured natural
frequencies. In this study, therefore, all simulations of the damaged
truss are considered noise-free. It is also assumed that the first ten
natural frequencies of the damaged truss are measurable for all load
cases.

Generally, the success of a FRF-based model updating process
is dependent on selection of the frequency points, quality of
measurements, and capability of the algorithm (sensitivity equation)
to capture real behavior of the structure. Understanding the
approximations made in Eq. (17) and its impacts on the behavior of
FRFs is paramount in the proposed method. The behavior of the
approximate solution and the selection of frequency ranges are
discussed using the next four figures. For illustration purposes,
samples of lightly damped and highly damped transfer functions of
intact and damaged structures are graphed in Fig. 3.

A FRF-based model updating technique attempts to minimize the
residual between the FRFs of the intact and damaged structures.
Hence, in an iterative model updating technique, the FRF of the intact
structure (analytical) should move toward the FRF of the damaged
structure (measured). Figure 3 shows by vertical lines that there are
two possible positions for residuals of FRFs. These residuals can be
related to a frequency point between the resonances of the intact and
damaged structure (region 1) or may be related to frequency points
out of this interval (region 2). A decrease of these residuals during the
iteration process is expected. The residual at a frequency point to the
right side of region 1 increases at the primary iteration of model
updating and then decreases. Frequency points to the left side of
region 1 tend towards the opposite direction. It should be noted that
the widths of the defined regions change during the optimization

process, which converts model updating to a nonsmooth and
monotonous optimization, which is not desired. For a frequency point
inregion 2, residuals decrease as the model updating converges. Only
regions that residuals reduce monotonically should be used in the
optimization process. Therefore, region 1 should not be used.

Since a perfect match of the FRFs of the damaged and intact
structures is not always possible, some nonsmooth behavior will
occur at points close to the resonance frequencies. These points
should therefore be excluded from the frequency points for model
updating.

Some model updating methods assume zero damping ratios. For
lightly damped structures, this assumption does not have a major
effect on the result of model updating that uses modal data. As Fig. 3
shows, the damping loss factor is important at frequencies close to
responses, and controls the amplitude of FRFs. Damping effects
decrease rapidly by moving frequency points away from the
resonances. Itis therefore necessary to be aware of damping effects in
model updating. Damping can be modeled by various methods,
including Modal, Rayleigh, and Coulomb. These methods, however,
might not be able to represent damping effects for a real structure,
especially around resonances. Therefore, in this paper, frequency
points are selected at regions far enough away from resonances not to
consider damping for model updating. If damping is included in
model updating, by moving the excitation frequency away from the
resonance frequency, response is less sensitive to the shortcomings of
using damping in the analytical model and to errors in damping
measurements.

Selected excitation frequency points must not be very close to the
natural frequencies of the damaged structures in order to prevent
noisy measurements due to resonance phenomena. For low modal
damping ratios, capturing accurate measurements at resonance is
challenging due to sharpness of response. Based on the sampling
rate used, the peak resonance can be truncated. In addition, in higher
frequency ranges, the response of a structure is more local, and
therefore more sensitive to damage, compared with the response in
low frequency ranges. Therefore, it is expected that higher excitation
frequencies, which excite the higher mode shapes, yield better
results.

The only approximated term in the derivation of the sensitivity
Eq. (22) is the transfer function of the damaged structure evaluated
by Eq. (17). Therefore, confidence of the estimated parameters
depends heavily on how this equation represents the transfer
function of a damaged structure. Equation (17) is approximate since

Damage

Region two

Region one

Initial

: Region two

log(IH(f)])

First Iteration

f (Hz)

Fig. 3 FREF of an intact and related damaged structure with different damping ratios.
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an incomplete set of measured natural frequencies is used, and
mode shapes of the intact structure are used instead of mode shapes
of the damaged structure. These two types of approximations are
investigated here and shown in Figs. 4-6.

The first source of approximation in Eq. (17) is using an
incomplete set of measured natural frequencies. The FRF of an
arbitrary point in the truss structure is plotted in Fig. 4. These FRFs
are evaluated using 8, 10, 15, and 21 (exact) analytical mode shapes
and natural frequencies.

As Fig. 4 illustrates, the number of required natural frequencies
and mode shapes is dependent on the excitation frequencies.
Although estimating FRF using a truncated set is very accurate for
frequencies at low ranges, accuracy decreases as the frequency
increases. However, this approximation is still valid in the vicinity of
all resonance frequencies, since in these regions amplitude of the
FRF is controlled by the nearest resonance in the denominator of
Eq. (17). Figure 4 shows that the approximate transfer function
evaluated by Eq. (17) using the ten first natural frequencies is

1425

accurate in the vicinity of resonances up to 367.5 Hz and completely
failed after this point (10th resonance is 367.5 Hz). The same is
observed by evaluating the FRF using other numbers of incomplete
modal data. This indicates that the approximation of transfer function
by Eq. (17) is valid in the ranges of the measured natural frequencies.

The second source of approximation in Eq. (17) is using the mode
shapes of the intact structure instead of the mode shapes of the
damaged structure. To study the effects of this assumption, a sample
FRF using 10 and 15 first mode shapes of the intact structure and
natural frequencies of the damaged structure along with the exact
FRF are graphed in logarithmic scale in Fig. 5.

As Fig. 5 illustrates, the effect of using intact mode shapes is
small in the low frequency ranges. For high frequency ranges, this
replacement is not too important because frequency points in the
vicinity of resonance frequencies and approximation are still
valid. This is true in the higher frequency ranges due to the fact
that the amplitudes of FRFs are controlled by the denominator
of Eq. (17).

log (FRF)

N
S

-25

1 1 1

1 1 1 1 1

0 50 100 150

200 250 300 350 400
f (Hz)

Fig. 4 Exact and approximate FRFs using incomplete sets of measured modes of vibrations in Eq. (17).
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Fig. 5 Exact and approximate FRFs using mode shapes of the intact structure in Eq. (17).
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— — Derivation Based
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Proposed Method
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Fig. 6 Norm of the sensitivity equation for a single excitation at DOF no. 11.
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The success of a model updating technique is dependent on the
derivation of the sensitivity matrix and selection of frequency ranges
for model updating. The derivation of an accurate linear sensitivity
equation such as Eq. (14) is desirable for parameter estimation.
However, such a sensitivity equation is impractical since it needs full
instrumentation at all DOFs. As stated before, options for dealing
with incomplete measurements using sensitivity-based model
updating algorithms are data expansion, model reduction, or use of
derivation-based sensitivity equations, which have their short-
comings. Derivation of an inverse matrix such as transfer function
H(w) or H,(w, £) is commonly evaluated as [30]

S(@,8) =[Ss Syl

=[Hg<w,s)§TI§U<w)) —w2H5<w,s)§,,—MMU<w))] (25)

This sensitivity equation needs to be calculated in each iteration and
may represent nonsmooth behavior during optimization and is not
used in this paper. By using the proposed approximation for H,(w) in
Eq. (17), this study proposes a quasi-linear sensitivity equation that
yields a robust model updating technique. At the selected frequency
points, the response of the structure should be sensitive to change
in structural parameters for target elements. In model updating,
sensitivity is a function of the locations of measurements, excitations,
frequency ranges, and topology of the structure. Studies on sensor
placement and selection of excitation locations lead to a com-
binatorial optimization problem that is out of the scope of this paper.
Given a set of sensor locations and excitation points, for parameter
estimations, it is desirable to have the highest value of change in the
response (sensitivity) due to changes in the unknown structural
parameters. For a specific excitation point, the norm of the sensitivity
matrix can be considered as a scale to adopt the best points of
excitation. In Fig. 6 the second norm of the sensitivity matrix for
damage case 2 is plotted in a logarithmic scale as a function of
frequency.

Large differences between norms of the sensitivity equation of a
derivation-based method in Eq. (25) and the exact one in Eq. (14)
indicate large differences in the entries of these two sensitivity
matrices. These differences can cause divergence of the optimization
process in the presence of measurement errors. Regardless of values
of the norm of the sensitivity matrix, Fig. 6 shows that a derivation-
based sensitivity equation doses not represent the real behavior of the
changes in FRFs. In Fig. 6, for example, the large norm of the exact
sensitivity equation indicates that the best sensitivities are near the
resonance frequencies of the intact and damaged structures while a
derivation-based sensitivity equation shows a good sensitivity
around the resonance of the intact structure. Therefore, using a
derivation-based sensitivity can result in missing the best frequency
points of FRFs for model updating. It should be noted that a good
match between norm values of the proposed approximate sensitivity
matrix by Eq. (22) and analytical exact sensitivity matrix by Eq. (14)
does not mean that the proposed approximate matrix is as accurate as
an exact one, however, only a few iterations are still necessary for
model updating. This is an indication of robustness and quasi
linearity of this method.

All of the measured FRFs should not be used for finite element
model updating. Although Fig. 6 shows that the best points for model
updating are close to the resonance frequencies of the intact and
damaged structures, frequency points very close to resonances and
also between them should be excluded to avoid nonsmooth behavior
in the optimization process. In consideration of these limitations, an
interval of 5 Hz around the resonances is excluded from model
updating. Also, as Fig. 6 shows, the maximum norm of the sensitivity
equation occurs around resonances and decreases rapidly as it moves
away from resonances. To avoid low sensitivity frequency points, in
this study, excitation frequency ranges are selected at the regions
in which the norm of the sensitivity equation is higher than 5%
of the maximum norm of the sensitivity matrix around resonances.
Frequency points are selected at 1 Hz intervals.

V. Model Updating for Damage Detection
Using Truss Example

For the truss example, six damage cases are considered to
investigate robustness of the proposed parameter estimation method
in locating and quantifying damage. Bar charts indicate location and
severity of the damage by black bars and indicate predicted results by
white bars. Selected frequency ranges used in model updating are
given in Table 2.

To investigate the reliability of the method, 50 sets of random
noise-contaminated data are considered. To show robustness and
confidence of the predicted parameters, averages of the estimated
parameters are plotted in Figs. 7-12 along with the coefficient of
variation (COV) of the predicted parameters, standard deviation
divided by average. Low COV of the predicted parameters indicates
as a low scattering in the predicted parameters. COV values
corresponding to the damaged elements are shown by black bars.

Figures 7-12 show the possibility of detecting the severity and
location of damage using the proposed method. For most of the
estimated parameters, COV are less than 5%, indicative of very
robust and low-scatter prediction results. Also, the very low COV
value of the damaged elements shows these elements identified with
a high level of accuracy and confidence. A comparison of Figs. 11
and 12 shows a lower confidence level of mass parameters prediction
in comparison with the stiffness prediction. This indicates a lower
observability of mass parameters at selected frequency ranges, which
can be improved by using higher frequency ranges.

VI. Model Updating for Damage Detection
Using Frame Example

A one-story one-bay aluminum frame, as shown in Fig. 13, is
considered to verify the damage identification method described in
this paper. The finite element analysis is carried out to simulate the
experimental data by using two-node frame elements. The number of
nodes and elements are 22 and 21, respectively. The length of each
element is 10 cm with cross-section areas of 3.6 cm? and moment of
inertia of 0.2644 cm*. The unknown parameters of the elements are
flexural rigidity, £/, and axial rigidity, EA.

A strain gage measured a strain value that consists of both axial and
flexural strains. It is therefore necessary that both axial and flexural
rigidities be considered in model updating. Exciting a structure in
axial mode is difficult in reality, leading to failure of parameter
estimation because of low contribution of axial rigidity to the
sensitivity matrix of FRFs. Although in this paper only flexural
rigidities are updated, data of the damaged structure are simulated by
considering changes of both axial and flexural rigidities of the
damaged elements.

Based on the previously discussed points and limitations,
frequency points for model updating are adopted as given by Table 3.
Element numbers 2, 6, 9, 13, 16, and 19 are considered to measure
strains. Unit harmonic loads are applied at node numbers 4,7, 12, 17,
and 19, perpendicular to the structure.

In mass identification cases, the sensitivity equation was ill-
conditioned, since sensitivities of elements 1 and 21 were very small
compared with other elements, causing a failure of model updating
even using noise-free data. Therefore, the parameters of these two
elements are assumed to be known and have not been updated.
Predicted damage and COV of the predicted parameters are given in
Figs. 14-19.

Table 2 Selected frequency ranges for truss model updating

Damage case: 1, 2 Damage case: 3, 4 Damage case: 5, 6

190-210 190-205 185-205
225-235 235-255 225-245
280-285 285-295 280-290
325-335 330-340 325-340
360-365 370-380 375-385
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Table 3 Selected frequency ranges for frame model updating

Damage case: 1, 2 Damage case: 3, 4 Damage case: 5, 6
60-70 110-120 60-70
105-120 210-220 105-120
205-215 255-270 205-215
25026-5 290-310 250-265
290-310 440-455 290-310

- N 440-455

Table 4 Frequency ranges for model updating of
frame with distributed damage

Damage case: tapered beam Damage case: deterioration

60-73
84-88
97-100
115-150
200-210
190-195
233-238

185-188
202-210
245-250
220-230
260-268
283-290
410-415

Fig. 13 Two-dimensional frame structure.

0.5

0.4

Damage Percent

_0_1 Jd
a)

O Actual Damage
@ Predicted Damage

1 3 5 7 9

11 13 15 17

Element No.

cov

b)

Figures 14-17 show that this method is capable of detecting
changes of stiffness and mass parameters, while Figs. 18 and 19 show
ability to detect mass and stiffness parameters simultaneously.
Attention to Figs. 16 and 17 (mass detection cases) shows that,
although COV of the predicted parameters is very low, elements
adjusted at the corner (element numbers 7, 8, 14 and 15) donothave a
COVas low as other elements. Noting that element numbers 1 and 21
are removed from model updating, this means that the mass of these
elements has a small continuation to the response and sensitivity
equations of the structure in comparison to the mass of the other
elements. The norm of the sensitivity matrix for corresponding
columns for these elements was low in comparison to other elements,
which proves that these elements contribute less to the sensitivity
matrix.

Figures 18 and 19 show that the proposed method is capable of
simultaneously estimating mass and stiffness parameters at the
element level. As stated earlier, ignoring the axial parameters is
theoretically a source of error; however, successful results of this
example using simulated noisy data proved that participation of axial
parameters in the presence of bending behaviors is small and can be
ignored.

To further investigate the robustness of the proposed method for
parameter estimation, the frame example shown in Fig. 13 is
modified. The same frame is investigated using a tapered beam and
two tapered columns. Initial bending rigidity values of elements 7, 8,
14, and 15 are increased to 1.7 of the original bending rigidities (EI)
and initial bending rigidity values of the elements 6, 9, 13, and 16 are
increased to 1.25. The frequency set in the first column of Table 4 is
selected for model updating. For this example, the predicted
parameters EI and related COV are shown in Fig. 20. As this figure
indicates, this method is capable of detecting damage of a frame with
variable bending rigidities with low COVs.

Also, damage is not always localized and might appear as
deterioration of all structural elements. To investigate the ability of
the proposed method in such a case, and as a damage case, bending
rigidities of all elements of the frame shown in Fig. 13 are con-
taminated with 20-percent random damage. The frequency set in the
second column of Table 4 is used for model updating. Figure 21
shows the estimated parameters and COV of the predicted param-
eters. Similar to all other examples, the distributed damage is
successfully estimated with very low coefficients of variation.

The authors have performed several other beam, frame, and
truss examples in the presence of measurement errors. They all
demonstrated robustness of the proposed method with successful
parameter estimations and low COVs.

In summary, this study showed that using the proposed approxi-
mations of the transfer function yields a quasi-linear sensitivity
equation and a robust model updating method even in the presence of
high levels of noise. Matching the norms of the exact sensitivity
equation with the one proposed here allows one to select the best
frequency points for model updating. The results of this study also
show that selecting the frequency points based on the sensitivity value
increases the robustness of the parameter estimation method.
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Fig. 14 a) Actual and predicted frame stiffness change for case 1 and b) COV of predicted parameters.
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VIL

In this paper, frequency response spectrums of measured strains
are used for simultaneous stiffness and mass parameter estimation at
the element level. Parameter estimates are used for finite element
model updating and damage detection of structures. Element level
sensitivity equations of the FRF are derived as a function of the
stiffness, mass, and damping changes. Measured natural frequency
of damaged structures and the mode shapes of intact structures are
used to develop a well-approximated evaluation of the transfer
function of the damaged structure. The overall formulation yields
a quasi-linear sensitivity equation for parameter estimation that
improves the stability and robustness of the method against mea-
surement errors. To decrease the effects of noisy measurements,
excitation frequency points for model updating are selected based on
the second norm of the sensitivity matrix and the best region of
frequency points are addressed to avoid nonsmooth behavior of the
optimization process. Sensitivity equations are weighted by their
second norm to improve the quality of parameter estimation. The
proposed method was successfully applied to a truss and a frame
using simulated noisy strain data for identification of mass and
stiffness parameters, both individually and simultaneously.

Conclusions
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